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Abstract
The nonlinear thermoelectric properties of serially coupled quantum dots (SCQDs) embedded
in a nanowire connected to metallic electrodes are theoretically studied in the Coulomb blockade
regime. We demonstrate that the electron heat current of SCQDs exhibit a direction-dependent
behavior (heat rectification) in an asymmetrical structure in which the electron Coulomb interac-
tions are significant. The phonon thermal conductivity of the nanowire is also calculated, which is
used to estimate the phonon heat current. Finally, we discuss how to reduce phonon heat current
to allow observation of electron heat rectification behavior in the SCQD junction system in low
temperature regime (≈ 3 K).
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Transport properties of a single semiconductor quantum dot (QD) or nanostructure have
been experimentally and theoretically studied in the Coulomb blockade regime for appli-
cation as a single electron transistor due to its functionality of charge filtering.1−5 It has
been proposed that the QD system can be used as a qubit for quantum computation.6
For the realization of solid state quantum computer, many experimental studies have been
devoted to the tunneling current of serially coupled double quantum dots (DQDs).7 The
serially coupled DQDs can act as a spin filter when the the Pauli spin blockade condition
is met.7 Recent experimental works have extended DQDs to triple quantum dots (TQDs)
for studying multi electron spin blockade process and leakage current arising from phonon
assisted tunneling.8−10 However, there has been little study on the energy transfer of such
nanostructure junctions including DQDs and TQDs. The understanding of energy transfer
and heat extraction of the nanostructure junction is also crucial in the implementation of
solid state quantum register, because the heat accumulation will degrade the performance
of quantum computation.
Apart from that, solid state coolers and power generators at nanoscale may be important
in the integration of quantum device circuits.11 Unlike electronic nanodevices, it is still a chal-
lenge to realize nanoscale solid state thermoelectric devices.11 Up to date, several theoretical
studies on the thermoelectric properties of nanostructures have been reported.12−17These
studies have focused on the thermoelectric properties of QD junctions in the linear response
regime rather than nonlinear response. To the best of our knowledge, the nonlinear electron
heat transport properties of serially coupled QDs (SCQDs) including DQDs and TQDs have
not been reported. Here, we demonstrate that DQDs and TQDs with asymmetrical struc-
tures can exhibit direction-dependent electron heat current in the absence of phonon heat
current. Such a rectification effect of electron heat current may be masked by the phonon
heat current, since phonon carriers dominate the contribution of heat current in nanowires
with large cross-section. Thus, only for SCQDs embedded in a thin nanowire, such heat
rectification effect may be realized.
Here, we consider nanoscale semiconductor QDs, in which the energy level separations are
much larger than their on-site Coulomb interactions and thermal energies. Thus, only one
energy level for each quantum dot needs to be considered. The extended Hubbard model
and Anderson model are used to describe the SCQD system connected to the metallic
electrodes.15 Using the Keldysh-Green’s function technique [15,18], the charge and heat
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currents of a DQD [as shown in the inset of Fig. 1(a)] are calculated according to
J =
2e
h
∫
dǫT (ǫ)[fL(ǫ)− fR(ǫ)], (1)
Q =
2
h
∫
dǫT (ǫ)(ǫ− EF − e∆V )[fL(ǫ)− fR(ǫ)], (2)
where T (ǫ) ≡ (T12(ǫ) + T21(ǫ))/2 is the transmission coefficient.
15,16 fL(R)(ǫ) =
1/[e(ǫ−µL(R))/kBTL(R) + 1] denotes the Fermi distribution function for the left (right) elec-
trode. µL and µR denote the chemical potentials of the left and right leads, respectively,
with their average denoted by EF = (µL + µR)/2. ∆V = (µL − µR)/e is the voltage across
the SCQD junction. TL(R) denotes the equilibrium temperature of the left (right) electrode.
e and h denote the electron charge and Planck’s constant, respectively. Tℓ,j(ǫ) denotes the
transmission function, which can be calculated by evaluating the on-site retarded Green’s
function (GF) and lesser GF [15]. The indices ℓ and j denote the ℓth QD and the jth QD,
respectively. Based on the equation of motion method, we can obtain analytical expressions
of all GFs in the Coulomb blockade regime. Details are provided in Ref. 15. In the weak
interdot limit (tc/Uℓ ≪ 1, where tc and Uℓ denote the electron interdot hopping strength
and on-site Coulomb interaction, respectively) the transmission function can be recast into
a simple closed-form.16−17
To study the direction-dependent heat current, we let TL = T0 + ∆T/2 and TR = T0 −
∆T/2, where T0 = (TL + TR)/2 is the average of equilibrium temperatures of two side
electrodes and ∆T = TL − TR is the temperature difference across the junction. Because
the temperature gradient can induce a significant electrochemical potential difference ∆V ,
now denoted by ∆Vth (the thermal voltage), it is important to take into account the shift of
energy level (Eℓ) in each dot according to the expression ǫℓ = Eℓ+ηℓe∆Vth, where ηℓ denotes
the fraction of voltage difference shared by QD ℓ. The value of ηℓ depends on the location,
shape and dielectric constant of the QD. For simplicity, we assume that ηℓ is determined
solely by the QD location and the voltage difference is uniformly distributed among QDs.
This is a valid approximation when the dielectric constants of the QD and the surrounding
material are similar, which leads to a uniform electric filed in the junction system. Let dℓ
denotes the center position of QD ℓ with respect to the mid point of the junction and the
separation of two electrodes is D, then the electrostatic potential energy due to the uniform
electric field seen by an electron in QD ℓ is simply V (r− dℓzˆ) = [dℓ + (z − dℓ)](−e∆Vth/D)
(z is along the direction of transport). For weak field and symmetric wave function in each
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QD, the energy correction due to the linear (z − dℓ) term vanishes up to first order. Thus,
we have ηℓ = dℓ/D. For the DQD junction, we assume d1 = −d2 and η1 = −η2.
We have numerically solved Eqs. (1) and (2) for SCQD junctions. We first determine
∆Vth by solving Eq. (1) with J = 0 (the open circuit condition) for a given ∆T , T0 and an
initial guess of the average one-particle and two-particle occupancy numbers, N and c for
each QD. Those numbers are then updated according to Eqs. (5) and (6) of Ref. 16 until
self-consistency is established. Once ∆Vth is solved, we then use Eq. (2) to compute the heat
current. We have adopted the following physical parameters Uℓ = 300Γ0 and T0 = 26Γ0. If
we adopted an energy unit Γ0 = 10µeV , then Uℓ = 3meV , and T0 ≈ 3K.
Figure 1(a) shows the heat current (Q) as a function of temperature difference (∆T )
for a DQD with various values of η, where η ≡ η1 = −η2. The QD energy levels are
EA = EF + 20Γ0 + ηe∆Vth and EB = EF + 10Γ0 − ηe∆Vth. The inter-dot Coulomb energy
is Uℓ,j = 20Γ0. A nonlinear behavior of heat current is clearly seen in Fig. 1(a), where
the heat current in the forward temperature bias (∆T > 0) is much larger than that in
the reversed temperature bias (∆T < 0). This nonlinear behavior in heat current leads to
significant thermal rectification effect for the DQD junction system, which depends strongly
on η. When η = 0, the electrochemical potential ∆Vth yielded by temperature bias will
not shift the QD energy levels. Consequently, the thermal rectification effect disappears
even though we have EA 6= EB. Fig. 1(b) shows the corresponding Seebeck coefficient.
S0 = ∆Vth/∆T denotes the Seebeck coefficient in the linear response (∆T → 0) regime.
A negative S0 value implies that electrons of the hot side electrode diffuse to the cold side
electrode via the energy levels Eℓ above EF .
15 On the other hand, holes of the electrodes
are the major diffusion carriers if we have a positive S0. Holes are defined as the empty
states which are below the Fermi energy of electrodes. Note that the relationship between
the electron heat current and Seebeck coefficient is highly nonlinear, it is hard to verify
the electron heat rectification via the measurement of S, even though S is not influenced
by the phonon heat current. In this study we shall consider configurations that lead to
large electron heat current, which is in contrast to the Pauli spin blockade configuration
considered in Refs. 7 and 15.
To further clarify the rectification behavior shown in Fig. 1(a), we show the heat current
(Q) of the DQD junction for various interdot Coulomb interactions (Uℓ,j) in Fig. 2(a). Other
physical parameters are the same as those in Fig. 1(a) for η = 0.3. With decreasing Uℓ,j , the
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magnitude ofQ is seriously reduced for large forward temperature bias, and at the same time,
the rectification behavior is seriously suppressed. Once all electron Coulomb interactions
are excluded, the rectification behavior is very small (not shown here). This implies that the
heat current rectification is directly related to the electron Coulomb interactions, especially
the interdot Coulomb interactions. Note that there are eight configurations for a electron
with spin σ to diffuse from the hot electrode to the cold electrode [see Eq. (3) of Ref.
16]. To reveal which channel dominates the heat current (Q), the curve labeled by p3
(which is calculated by including the p3 configuration alone) is also plotted in Fig. 2(a)
(triangles line). In the reversed temperature bias, it matches very well with the solid line
(including eight configurations), whereas its magnitude is larger than that of solid line in the
forward temperature bias. This is mainly because the p1 channel allows electrons of the cold
electrode to transport heat to hot side. From the results of curve labeled p3, the heat current
is determined by the joint density of states arising from two poles ǫ1 = EF+U12+20Γ0+η∆Vth
and ǫ2 = EF+U12+10Γ0−η∆Vth, which are separated by 10Γ0+2η∆Vth in the small tc limit.
This explains why the heat current in the forward temperature bias is much larger than that
in the reversed temperature. Fig. 2(b) shows the corresponding Seebeck coefficients (S)
for various values of Uℓ,j. We see that |S| diminishes as the interdot Coulomb interaction
decreases, since the tunneling energy levels become closer to the Fermi energy of electrodes
and the contribution due to holes increases.
To design a good thermal rectifier, it is important to have large heat current and high
rectification efficiency. Fig. 3 shows the heat current, ∆Vth and rectification efficiency (ηQ)
for different interdot hopping strengths. Other physical parameters are the same as those
in Fig. 1(a) for η = 0.3. To elucidate the rectification efficiency of QD junction system, we
define ηQ = (Q(∆TF ) − |Q(∆TR)|)/Q(∆TF ), where ∆TF (R) denote the forward (reversed)
temperature bias. We find that the rectification efficiency is suppressed when tc increases
(accompanying an increasing heat current). On the other hand, ∆Vth is insensitive to the
variation of tc even in the nonlinear response regime. In the linear response regime, S0 is
very insensitive to tc as long as tc/Uℓ ≪ 1.
16
To examine the effect of coupling between QDs and electrodes on thermal rectification
efficiency, Fig. 4 shows the heat current, ∆Vth and rectification efficiency for different
tunneling rate values, while keeping ΓL+ΓR = 6Γ0 and tc = 3Γ0. Other physical parameters
are the same as those in Fig. 1(a) for η = 0.3. Unlike parallel QD cases, where very
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asymmetrical tunneling rates (ΓL/ΓR ≫ 1 or ΓR/ΓL ≫ 1) are required to observe thermal
rectification effect,13 the thermal rectification behavior of SCQDs is not sensitive to the
coupling condition between QDs and electrodes. Based on the results of Figs. (1)-(4), the
heat current rectification of SCQD is very robust. Ref. 19 attempted to observe thermal
rectification experimentally in a single QD system with two levels by using the measurement
of S in the linear response regime (∆T → 0). Our calculated results imply that it is difficult
to verify the existence of electron thermal rectification in either the linear or nonlinear
response regime via the measurement of S due to unclear relationship between Q and S.
So far, the results of Figs. 1-4 are related to the heat rectification of DQDs. To build a
large temperature bias (large ∆T ) across the junction, it is essential to consider large number
of coupled QDs in the system in order to reduce thermal current arising from phonons.11,17
For simplicity, we consider the case of a TQD junction as shown in the inset of Fig. 5, similar
to the structure considered in Ref. 9. The expressions of Eqs. (1) and (2) are still valid for the
TQD junction, whereas we need to consider a more complicated transmission coefficient.17
The TQD junction has 32 configurations for an electron with spin σ to tunneling between two
metallic electrodes.17 Figure 5 shows the heat current (Q), and heat rectification efficiency
for different physical parameters in the TQD junction with EA = EF + 30Γ0 + 0.3e∆Vth,
EB = EF + 20Γ0, and EC = EF + 10Γ0 − 0.3e∆Vth. The heat current has a remarkable
enhancement for tc = 3Γ0 and Γ = 5Γ0. If we adopt Γ0 = 10µeV , then Uℓ = 3 meV ,
Uℓ,j = 0.15 meV , tc = 0.03 meV , Γ = 0.05 meV , and T0 = 0.26 meV = 3.12 K in Fig. 5.
Based on these physical parameters, it is possible to fabricate a realistic TQD junction system
to realize the heat rectification behavior as predicted theoretically. As an example, we have
calculated the above physical parameters for an In0.6Ga0.4As/GaAs QD junction system
within the effective mass approximation.20 For a disk-shaped QD with radius R0 = 25 nm
and height L0 = 30 nm, the intradot Coulomb interaction is Uℓ = 4.6 meV . A barrier with
width 7 nm leads to tc = 0.029 meV , Uℓ,j = 2.2 meV and η = d1/D = 37/118 = 0.29.
Using these realistic physical parameters, we obtain the heat current and heat rectification
efficiency versus temperature for In0.6Ga0.4As/GaAs QD junction and show them as triangle
marks in Fig. 5. Compared to the dotted line, the heat current is suppressed, whereas
the rectification efficiency is enhanced. This result indicates that the heat current is not
a monotonic increasing function of Uℓ,j. Other systems of interest include GexSi1−x QDs
embedded in Si nanowires in which the confined carriers are holes.
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In the presence of phonon heat current, the rectification efficiency obtained above will be
suppressed. To estimate the phonon heat current, we calculate the thermal conductivities
of nanowires by using the method and physical parameters given in our previous work for
studying semiconductor quantum wells.21 The low temperature phonon thermal conductivity
of nanowire was reported in Ref. 22 for studying the thermoelectric properties of Kondo
insulator nanowires. Figure 6(a) shows the calculated phonon thermal conductivity (κph) of
silicon and GaAs nanowires with lateral dimension a = 30 nm as a function of temperature.
In diagram (b) κph of silicon nanowire is smaller than that of GaAs nanowire in the low
temperature regime. Fig. 6(c) shows the quantum size effect on κph of silicon and GaAs
nanowires at T = 3K. The results of Fig. 6(c) imply that the electron heat rectification
behavior as shown in Fig. 5 is easier to observe at low temperatures in silicon system than
in GaAs system. We obtain a phonon heat current Qph = 1.2× 10
−11W for a single silicon
nanowire with cross-sectional area A = (30 nm)2 and length L = 150 nm at 3K. This
indicates that the results of Fig. 5 will be washed out in the presence of phonon heat
current. To reduce the phonon heat current, we design a special structure as shown in the
inset of Fig. 6(a) with a smaller cross-sectional area A = (5 nm)2, which can be realized
by advanced nanofabrication technique. The phonon heat current of silicon nanowire can
reduce to about Qph = 30 fW for A = (5 nm)
2, which is closes to the heat current,
Q ≈ 10Q0 = 38.6 fW considered in Fig. 5. It is conceivable that the phonon thermal
conductivity of a nanowire can be further reduced by the interface scattering effect due to
the presence of QDs.23 Therefore, Qph of silicon nanowire in the presence of GexSi1−x QDs
can be smaller than 10 Q0 at 3K. So far, many theoretical mechanisms employing phonon
or photon carriers for thermal rectifiers have been proposed.24−26 However, few literatures
have reported thermal rectification effect experimentally.27
Summary
The heat current of SCQD system including DQD and TQD under finite temperature bias
has been investigated theoretically. It is shown the thermal rectification behavior can arise
from the electron energy transport in the absence of phonon heat current. Compared to a
single QD with two levels19 or parallel multiple QDs,13 the condition for thermal rectification
behavior of SCQD system is easier to realize. For example, one could consider the fabrication
method of Ref. 9. The presence of phonon heat current will seriously suppress the thermal
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rectification efficiency. Thus, reducing the phonon heat current via smart nanostructure
design becomes a key issue to the observation of direction-dependent electron heat current.
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FIG. 1: (a) Heat current, and (b) Seebeck coefficient as a function of temperature difference ∆T
for different η factors. EA = EF + 20Γ0, EB = EF + 10Γ0. Uℓ = 300Γ0, Uℓ,j = 20Γ0, tℓ,j = 1Γ0,
and ΓL = ΓR = 3Γ0. Note that Q0 = Γ
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FIG. 2: (a) Heat current and (b) Seebeck coefficient as a function of temperature difference ∆T
for different interdot Coulomb interactions. Other physical parameters are the same as those in
Fig. 1(a) for η = 0.3. The curve labeled by p3 considers only the p3 configuration in calculating
the heat current.
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0 4 8 12 16
0.0
0.2
0.4
0.6
0.8
kB∆T/Γ0
η Q
kB∆T/Γ0 Fig4
kB∆T/Γ0
(c)
-16 -12 -8 -4 0 4 8 12 16
-12
-6
0
6
12
e
∆V
th
/ Γ
0
(b)
-16 -12 -8 -4 0 4 8 12 16
-2
0
2
4
 ΓL=ΓR=3Γ0
 ΓL=3.5Γ0,ΓR=2.5Γ0
 ΓL=4Γ0,ΓR=2Γ0
Q 
(Q
0)
(a)
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and tc = 3Γ0. Other physical parameters are the same as those in Fig. 1(a) for η = 0.3.
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